CALDERON-ZYGMUND KERNELS AND RECTIFIABILITY IN 

THE PLANE 



V. CHOUSIONIS, J. MATEU, L. PRAT, AND X. TOLSA 

Abstract. Let £^ C C be a Borel set with finite length, that is, < 'M}{E) < oo. 
By a theorem of David and Leger, the [i?)-boundedness of the singular 

integral associated to the Cauchy kernel (or even to one of its coordinate parts 
x/\z\'^,y/\z\'^,z = (x, y) G C) implies that E is rectifiable. We extend this result 
to any kernel of the form z — {x,y) € C,n G N. We thus provide 

the first non-trivial examples of operators not directly related with the Cauchy 
transform whose _L^-boundedness implies rectifiability. 



1. Introduction 

Let /i be a positive, continuous, that is without atoms. Radon measure on the 
complex plane. The Cauchy transform with respect to of a function / G L\^^{ii) 
is formally defined by 



z — w 

This integral does not usually exist for z in the support of n and to overcome this 
obstacle the truncated Cauchy integrals 

C,.e{f)iz)= f ^^dfxiw), zeC,e>0, 

J\z~w\>£ Z — W 

are considered for functions with compact support in any L^lfi), 1 < p < oo. 
The Cauchy transform is said to be bounded in L'^{n) if there exists some absolute 
constant C such that 

' \c,,,{f)\^d^Ji<c I ijfdfi 



for all / e ^^(/i) and e > 0. 

We recall that a set in M"* is called ci-rectifiable if it is contained, up to an 'H'^- 
negligible set, in a countable union of c?- dimensional Lipschitz graphs; and a Radon 
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measure /i is c?-rectifiable if /i <^ l-f^ and it is concentrated on a c?-rectifiable set, 
that is, it vanishes out of a ci-rectifiable set. 

The problem of relating the geometric structure of ^ with the L^(/i)-boundedness 
of the Cauchy transform has a long history and it is deeply related to rectifiability 
and analytic capacity. It was initiated by Calderon in 1977 with his celebrated paper 
jCaj . where he proved that the Cauchy transform is bounded on Lipschitz graphs 
with small constant. In |CMM] . Coifman, Mcintosh and Meyer removed the small 
Lipschitz cosntant assumption. Later on David, in |D1] . proved that the rectifiable 
curves F for which the Cauchy transform is bounded in L'^{'h} [F), are exactly those 
which satisfy the linear growth condition, i.e. 

V}{VnB{z,r)) <Cr, zGF,r>0, 

where T-i^ \T denotes the restriction of the 1-dimensional Hausdorff measure 'H} on 
F and B{z,r) is the closed ball centered at z with radius r. 

In the subsequent years there was intense research activity in the topic and new 
tools and machinery were introduced and studied extensively. From the results 
of Calderon, David, and others, soon it became clear that rectifiability plays an 
important role in the understanding of the aforementioned problem. In [J2] Jones 
gave an intriguing characterization of rectifiability using the so-called /3-numbers, 
which turned out to be very useful in connection with the Cauchy transform, see e.g. 
pT| . In a series of innovative works, see e.g. |DSlj and |DS2j . David and Semmes 
developed the theory of uniform rectifiability for the geometric study of singular 
integrals in on Ahlfors-David regular (AD-regular, for short) measures, that is, 
measures fi satisfying 

— < fi{B{z, r)) < Cr'^ for z G spt /i and < r < diam(spt(yu)), 

for some fixed constant C. Roughly speaking, David and Semmes intended to find 
geometric conditions to characterize the AD-regular measures /i for which some nice 
singular integrals are bounded in L'^{fi). To this end they introduced the novel 
concept of uniform rectifiability, which can be understood as a quantitative version 
of rectifiability. In the 1-dimensional case, a measure /i is called uniformly rectifiable 
if it is AD-regular (with d = 1) and its support is contained in an AD-regular curve. 
The definition in the case c? > 1 is more technical and we omit it. 

The singular integrals that David and Semmes considered in their works are de- 
fined by odd kernels K{x), smooth on \ {0} and satisfying the usual condi- 
tions |Vj-ft'(x)| < C\x\~^'^'^^\ j = 0,1,.... The most notable examples of such ker- 
nels are the Cauchy kernel and its higher dimensional analogues, the Riesz kernels 
, X G M"* \ {0}. David showed in |D1] and |D2] that all such singular integrals 
are bounded in L'^in) when /i is (i-uniformly rectifiable. In the other direction David 
and Semmes proved that the L^(/i)-boundedness of all singular integrals in the class 
described above forces the measure /i to be ^-uniformly rectifiable. The fundamental 
question they posed reads as follows: 
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Does the L'^{fi)-boundedness of the Riesz transform TZd associated with the kernel 
lyjipiy d-uniform rectifiability for fi? 
Given three distinct points 2:1, 2:2, ,23 G C their Menger curvature is 

c{zi, Z2, Z3) = — -, 

R{Zi,Z2,Z3) 

where R{zi, Z2, Z3) is the radius of the circle passing through x,y and z. By an 
elementary calculation, found by Melnikov [M] while studying analytic capacity, the 
Menger curvature is related to the Cauchy kernel by the formula 

c{z,,Z2,Z3f = 7 ^ 1 _ . > 

where 6*3 is the group of permutations of three elements. It follows immediately that 
the permutations of the Cauchy kernel are always positive. This unexpected discov- 
ery of Melnikov turned out to be very influential in the study of analytic capacity 
and the Cauchy transform. In particular it was a crucial tool in the resolution of 
Vitushkin's conjecture by David, in |D3j . and in the proof of the semiadditivity of 
analytic capacity in (Tj . 

Furthermore, in [M], the notion of curvature of a Borel measure /i was introduced: 

c^(/w) = JJj c^{zi,Z2,Z'i)dn{zi)dn{z2)dn{z3). 

Given e > 0, c^(/i) is the truncated version of c^{^), i.e. the above triple integral 
over the set 

{(2:1, 2:2, 2:3) G : \zi - Zj\>efoYl <i,j <3, i^ j}. 

If /X is finite a Borel measure with linear growth (that is, fi{B{z,r)) < Cr for 
all z e spt /i, r > 0) the relation between the curvature and the L^(yu)-norm of 
the Cauchy transform is evident by the following identity proved by Melnikov and 
Verdera [MVj : 

(1-1) \nAmW) = lc'M+o{Kc)), 

with |0(/x(C ))| < C^(C). 

In |MMV] , Mattila, Melnikov and Verdera settled the David and Semmes question 
in the case of the Cauchy transform, relying deeply on the use of curvature. They 
proved that if is a 1-AD regular set in the complex plane, the Cauchy singular 
integral is bounded in L'^{'H^\_E) if and only if E is contained in an AD- regular 
curve, which in the language of David and Semmes translates as E being 1-uniform 
rectifiable. 

Later on this result was pushed even further due to the following deep contribution 
of David and Leger. 

Theorem 1.1 ([Ll])- Let E be a Borel set such that < V}{E) < 00, 
(i) if c^{jH}[_E) < 00, then E is rectifiable; 
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(ii) if the Cauchy transform is bounded in L'^{'H^[E), then E is rectifiable. 

Notice that (ii) is an immediate consequence of (i) and f ll.ip . 

Until now, as it is also evident by the (still open) David-Semmes question, very few 
things were known beyond the Cauchy kernel. In this paper we want to contribute 
in this direction by extending Theorem II. II to a natural class of Calderon-Zygmund 
kernels in the plane. Our starting point was the fact that, somewhat suprisingly. 
Theorem 11.11 and the main result in |MMV] remain valid if the Cauchy kernel is 
replaced by one of its coordinate parts x/\z\'^ or y/\z\^ for z = {x,y) G C \ {0}. The 
kernels we are going to work with consist of a very natural generalisation of these 
coordinate kernels. 

For n G N, we denote by T„ the singular integral operator associated with the 
kernel 

™2n— 1 

(1.2) i^„(^) = __, z = {x,y)eC\{0}. 

Furthermore, for any three distinct Zi,Z2,Z3 G C, let 

Pn{zi,Z2,Z3) = Kn{Zi-Z2) Kn{zi- Z^) + Kn{z2- Zi) Kn{z2- Z^)+ Kn{z:i- Zi) Kn{z3-Z2). 

Analogously to the definition of the curvature of measures, for any Borel measure /i 
let 

Pn(/i) = jjj Pn{Zl, Z2, Z3)dn{zi)dlJ,{z2)dn{z3). 

Our main result reads as follows. 
Theorem 1.2. Let E be a Borel set such that < V}{E) < oo, 

(i) if pn(H^yE) < oo, then the set E is rectifiable; 

(ii) if Tn is bounded in L'^{'H^[E), then the set E is rectifiable. 

The natural question of fully characterizing the homogeneous Calderon-Zygmund 
operators whose boundedness in E^il-L^ \_E) forces E to be rectifiable, becomes more 
sensible in the light of our result. We think that such a characterization consists of 
a deep problem in the area as even the candidate class of "good" kernels is far from 
clear. This is illustrated by a result of Huovinen in [H2j , where he showed that there 

2 

exist homogeneous kernels, such as z = (x, y) G C, whose corresponding singular 

integrals are L^-bounded on some purely unrectifiable sets. We should also remark 
that in jHl] . Huovinen proved that the a.e. existence of principal values of operators 
associated to a class of homogeneous vectorial kernels implies rectifiability. This is 

2n—l 

the case of the complex kernels ^^^pr, for n > 1, for instance. However, Huovinen's 
methods do not work for the kernels we are considering in (11. 2p . 

Another result in our paper extends the theorem in |MMVj cited above. It reads 
as follows. 

Theorem 1.3. Let fi be a 1-dimensional AD-regular measure on C and, for any 
n > 1, consider the operator Tn defined above. Then, the measure /i is uniformly 
rectifiable if and only if Tn is bounded in L'^{fi). 
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The fact that uniform rectifiabihty imphes the L^(/i)-boundedness of T„ is a direct 
consequence of David's results in [Dl], The converse imphcation can be understood 
as a quantitative version of the assertion (ii) in Theorem 11.21 We will prove this by 
using a corona type decomposition. This is a technique that goes back to the work 
of Carleson in the corona theorem, and which has been adapted to the geometric 
setting of uniform rectifiabihty by David and Semmes |DSlj . 

The paper is organised as follows. In Section 2 we prove that the permutations 
Pn are positive and behave similarily to curvature on triangles with comparable side 
lengths and one side of them far from the vertical. Sections 3-7 are devoted to the 
proof of Theorem 11.21 In Section 3 we reduce it to Proposition 13. H which asserts 
that when /i is a measure with linear growth supported on the unit ball with mass 
bigger than 1 and appropriately small curvature, then there exists a Lipschitz graph 
which supports a fixed percentage of /i. In Section 4 we give some preliminaries for 
the proof of Proposition 13.11 In Section 5 we follow David and Leger in defining 
suitable stopping time regions and an initial Lipschitz graph. In Section 6 we prove 
Proposition 13.11 in the case where the first good approximating line for fi is far from 
the vertical axis. The strategy of the proof stems from [Lej although in many and 
crucial points (whenever curvature is involved) we need to deviate and provide new 
arguments. In Section 7 we settle the case where the first approximating line is close 
to the vertical axis. In this case the scheme of Leger does not work. A fine tuning 
of the stopping time parameters and a suitable covering argument allows us to use 
the result from the previous section in order to find countable many appropriate 
Lipschitz graphs that can be joined. 

The proof of Theorem 11.31 is outlined in Section 8. As remarked above, a main 
tool for the proof is the so called corona type decomposition. We will not give all 
the details because many of the arguments are similar to the ones for Theorem II. 2[ 
adapted to the (simpler) AD regular case. 

Throughout the paper the letter C stands for some constant which may change 
its value at different occurrences. The notation A < B means that there is some 
fixed constant C such that A < CB, with C as above. Also, A ^ B is equivalent to 



2. Permutations of the kernels Kn. positivity and comparability 

WITH CURVATURE 

For the rest of the paper we fix some n G N and we denote K := Kn, T := Tn 
and p := p„. 

Proposition 2.1. For any three distinct points Zi,Z2,Z3 G C, 

(i) pizi,Z2,Z3) > 0, 

(ii) p{zi, Z2, z^) vanishes if and only ifzi,Z2,Z3 are collinear. 

Proof. Since ^(^1,^2,-23) is invariant by translations, it is enough to estimate the 
permutations p(0,z, w) for any two distinct points z = {x,y),w = (a, 6) G C \ {0}. 
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Then, 

p(0, z, w) = K{z)K{w) + K{z)K{z - w) + K{w)K{w - z) 

^2n-1^2n-l ^2n-l _ ^N2n-1 ^2n-l _ ^X2n-1 



^2n-1^2n-l 


2; — W 


2n _|_ ^2n— 




-a)2"-i| 


\w\ 


|2n_^2n-l(^_^)2„-l| 




2n 




2; 


2n 




2n 


2; — W 


\2n 



We denote, 
so that 



(2.1) P(0,^,«;) 



U 1 2ri I ^ 1 2n U _ ^ 1 2n ' 



and it suffices to prove that A{z,w) > for all distinct points z,w E C \ {0} and 
A{z, ty) = if and only if 0, z and w are coUinear. Furthermore, 



-a'"-^(x-a)2"-i(a;2 + |/2)" 



\fe=0 ^ ^ 

After regrouping the terms of the last sum we obtain. 



ik=0 



Since 



= x'^-^a^^-^x - a)2« + - a)2"-^a2" - a'^-^x - af^-^x^^ 

k=l ^ ^ 

-a2"-^(a;-a)2'^-^a;2("-V')- 

^2n-i^2n-i(^ - af^ + x'^^'^x - af^'^a^^ - a''^-\x - af^-^x"^ 
= x'"-^a'"-^(x - af^'-^x - a + a - x) = 0, 
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k=l ^ ^ 



For k eN and z w E C \ {0}, z = {x,y),w = (a, 6), let 

(2.2) «;) = x'^-^a'^'^y - hf^ + ^^^-^(x - af^'^h''^ - a^^-\x - af^-^y^\ 
then 

(2.3) A{z,w) = Qa;2("-'=)a2("-'=)(a;-«)'^"~'^^fc(^,^^)- 

k=l ^ ^ 

Thus it suffices to prove that for all G N, 

Ffc(z, w) > whenever z 7^ w G C \ {0} 

and 

A{z^ w) = if and only if the points 0, z and w are coUinear. 

To this end we consider three cases. 
Case 1, a = 0. 
In this case, 

A{z,w) = F4z,w) = x^'^'"-^)^'" > 

and since 6 7^ 0, 

A{z, w) = if and only if x = 0. 

That is in this case A{z, w) vanishes only when z and w lie on the imaginary axis. 
Case 2,b = 0. 
In this case, 

Fk{z,w) = x^'^-'a^'^'V - a^''-V\x - a)^''-' 
= a''-V\x'''~'-{x-a)''-'). 

Since a 7^ and the function x"^^'^ is increasing, x'^'^~^ > (x — a)"^^'^ whenever a > 0, 
and < {x — a)^'^"^ whenever a < 0. Therefore Fk{z,w) > and Fk{z,w) = 

if and only if y = 0, that is whenever z and w lie in the real axis. 

Case 3, a^O and 6 7^ 0. 
In this case by (12.21) . after factoring, 

.,..)^.-'V'(©^^-'(^o^©^'"(^l^^^~' 



(2.4) 

We will make use of the following elementary lemma. 
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Lemma 2.2. Consider the family of polynomials for G N, 

/f (s) = e^-\s - If' + {t- _ _ ^Yk-i^2k 

where t is a parameter. Then, 

ft{s) > 0, for all s andt 

and 

ft{s) = if and only if t = s. 
Proof. Since is an even degree polynomial with respect to s, 

lim f^{s) = lim (t^^-i - (t - lf-^)s^'' = +00 

because s^'^ is the highest degree monomial of f^ and the function t^'^^^ is increasing. 
Furthermore 

Ut)\s) = 2kt^''-\s - if-^ - 2k{t - i)2fc-is2fc-i 

and 

is satisfied if and only if 

that is if and only if s = t. Therefore /(^(s) > ft if) for all s G M and 

fl{t) = t'^-\t - if + t'^-\t - if-^ -it- l)2fc-it2fc _ 0. 



Hence, 
and 



f^{s) > for all t,s G R 
ft{s) = if and only if t = s. 



□ 

Hence after applying Lemma [2^2] for t = ^, s = | to (12 ■4p . Lemma [2111 follows. □ 

Given two distinct points z,w ^ C, we will denote by L^^^ the line passing through 
z,w. Given three pairwise different points 21,2:2,^3, we denote by Z{zi, Z2, Z3) the 
smallest angle formed by the lines Iv^^ 22 and Lz-^^^z^- If L, L' are lines, then L') is 
the smallest angle between L and L'. Also, 6v{L) := Z(L, V) where is a vertical 
line. Furthermore for a fixed constant r > 1, set 

(2.5) Or = {(-21, -22, ^3) £ : |zi — Zj\ < T\zi — Zk\ for distinct 1 < i, j, k < 3}, 

so that all triangles whose vertices form a triple in Or have comparable sides. Finally 
we should also remark that its not hard to see that for three pairwise different points 

Zl, Z2, Z3, 

I N 4 area(T2 22 2 ) 
c(zi, Z2, -23) = 1 n M 1 

\Z\ — Z2\\Z\ — Z-i\\Z2 — Zj,\ 

where T^^^^-^^z^ denotes the triangle determined by z\.,Z2.,zz. 
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Lemma 2.3. For (zi, 2:2,^3) G Or, if OyiL^^^^^) +ev{L^^^^^) + OviL^^^^^) >ao>0, 
then 

Proof. It suffices to prove the lemma for (0, z, w) G Or for z = {x,y),w = {a,b),z 
w G C \ {0}. From the lemma's assumption we infer that at least one of the angles 
Ov{Lz^w), Ov{Lzfi), Ov{Lu,fl) is greater or equal than ao/3. Therefore without loss of 
generality we can assume that there exists a constant ci{ao) such that \z\ < ci(ao)|a;|. 
Furthermore let M := M{aQ,T) > 10 be some large positive number that will be 
determined later. We distinguish three cases. 

Case 1: M-^\x\ < |x - a| < M\x\ and M-^\a\ < \x\ < M\a\. 
By (12. ip . fl2.3p and the fact that the functions F^, as in the proof of Lemma HHl are 
non-negative we deduce, 

= n — — — — [xb — ay) 

\z\ \w\ \z — w\ 



n- 



^2n-2^2„-2(^ _ ^)2n-2 



n 



/I 1 \ 2n-2 






^\a\ 







2n.-2 / I I \ 2n-2 -2/ N 

X — a\ \ sm (z, 



z — w\ / \z — w\ 



Recalling that 



|x| > ci(ao) 



we notice that in this case, 

\a\ > M-^\x\ > M-^ci{ao)-^\z\ > (Mci(ao)^)" Vl, 
and in the same manner 

k — a| > {Mci{aQ)T)~^\z — w\. 
2sin Z(z,0,w) 

Therefore smce c[0,z,w] = j j we obtam that, 

\z — w\ 

p(0, z, w) > c{ao, t)c^(0, z, w). 
Case 2: |a; — a| < M~^|x|. In this case, 

Ix — a| < M'^t\z — w\ 



and 

\w\. 



2 

By the definition of p{0, z, w 



a| > ^ > 2-^ci{a)-^\z\ > (2ci(ao)r)-^| 



(2.6) Pi0,z,w) 



^2n-1^2n-l ^2n-l _ ^\2n-l ^2n-l _ ^N2n-1 



'2i7l UJ ^ '2iTL ^ lij "H) ^ "H) 
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Notice that, 



\x\ 


2n-l 


\x — a\ 


2n-l 




\z\ 


2n 


z — w 


2n 



< 



1 




(j 


\x 


— a 


\z\\z — 


■ w\ 




z 


— w\ 


" {■ 


\x — 


a 




2n-l 




\z — 


w 


t) 





2n-l 



and in the same way, 

|^|2n-lU ^|2n-l 



a 


2n 


-1 


X — a\ 


2n-l 






2n 


\z — w 


2n 



On the other hand, 



\x\ 


\2n-l 


a 


2n-l 




\z\ 


2n 




2n 



I I \ 2n-l / I I \ 2n-l ^ 

\x\ \ I \a\\ 11 



/ \\w\J \z\ \w\ 

^ / / \-2 -lo-l\2n-l -li 1-2 

> (ci(ao) T" 2 ) r 
Therefore for M large enough and depending only on and r, 

p(0,z,«;) > ((ci(ao)"V-i2-i)2"-V-i -2r2"M-(2«-i))|^|-2 

> c(ao) t)c^(0, -2, w). 

Case 3: |x - a| > M\x\. 
In this case 

|x| < M-^\x - a| < M~V|z|, 

and since M 3> ci(q;o) + r we obtain that |a;| < ci(ao)~^|-2| which contradicts the 
initial assumption, so this case is impossible. 
Case 4- \x\ < M~^\a\. 

As with case 3, this case is impossible because it contradicts the initial assumption 

as 

|x| < M"V|z|. 

Case 5: \x\ > M\a\. 
In this case we have, 

\x\ 



\a\ < M-^|x| < 



2 



and 



|x — a| > — > (2ci(ao))~"^kl ^ (2ci(a;o)''")~"'^|-2 — "U^l 



2 

Therefore we can argue as in case 2, recalling (12 .6^ and noticing that now the 
dominating term is the second one. As in case 2 we deduce that, 

p{Q,z,w) > ((ci(ao)"'^"'2-i)2"-V-i -2r2"M-(2"-i))|2|-2 
> c{ao, r)c^(0, z, w). 

□ 
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For a positive measure /i (without atoms, say), denote 

PifJ') = jjj P{Zi, Z2, Z3) dfj,{zi) dfj,{z2) dfi{z3,) 
and, recalling (12. Sp . 

Pr(At) = jjj p{zi, Z2, Z3) d^{zi) d^{z2) dnizs). 
We will also use the following notation. Given zi G C, we set 



p^{zi) = p[zi,ij,, l^] = JJ ^2, Z3) d^{z2) djjizs), 

and for u another positive measure, 

p{u, = / / / p{zi, Z2, Z3) diy{zi) d^{z2) dfiiza). 



For Zi,Z2 E C, 

P^l{zl, Z2) = p[zi, Z2, f^] = j ^2, Z3) d^{z3). 
We define pT,fj.{zi) and Pt,/x(-2i, -22) analogously. 

3. Reductions 

Our purpose in this section is to reduce the proof of Theorem 11.21 to the proof of 
the following proposition which will occupy the biggest part of the paper. 

Proposition 3.1. For any constant Cq > 10, there exists a number rj > such that 
if fi is any positive Radon measure on C satisfying 

./i(5(0,l))>l, MC\fi(0,2)) = 0, 

• for any ball B, ^{B) < Codiam(i?), 

• P{^^) < V 

then there exists a Lipschitz graph F such that /i(F) > 10^^/i(C). 

Remark 3.2. The previous proposition is equivalent to the following stronger state- 
ment. 

For any constant Cq > 10, there exists a number rj > such that if n is any 
positive Radon measure on C such that for some bounded Borel F C C, 

• /x(F) > diam(F), 

• for any ball B, fi{B n F) < Codiam(5) 

• p{fi[F) < rj diam(F) 

then there exists a Lipschitz graph F such that ^{T (1 F) > 10^^/i(F). 

Indeed, suppose that Proposition 13. II holds. Let xq E F and define the renormal- 
ized measure 

"^=di^^«^^Li^^' 
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where T{x) := and as usual T(j(/i[F) is the image measure of fi[F under 

T, defined by Tj(/i[F)(X) = fi[F{T-\X)), X C C. Then z/(S(0, 1)) > 1, z/(C \ 
5(0,2)) = and for any ball B, ^{B) < Codiam(i?). It also follows easily that for 
all distinct x,y,z G C, p(T{x),T{y),T{z)) = dia.m{F)'^p{x,y, z), therefore 

Hence we can apply Proposition 13. II for the measure u and obtain a Lipschitz graph 
r such that u(T) > 10~^z/(C), which is equivalent to fi{T'^(T) n F) > 10~V(^) 
and T~^(r) is the desired Lipschitz graph. 

We continue with the following lemma which relates L^-boundedness and permu- 
tations. 

Lemma 3.3. Let ^ be a continuous positive Radon measure in C with linear growth. 
If the operator T is bounded in L'^ifi) then there exists a constant C such that for 
any ball B, 

JJJ p{x,y, z)dfj.{x)djj,{y)dfi(z) < Cdiam(i?). 

For the proof see |MMVl Lemma 2.1], where it is stated and proved for the 
Cauchy transform. The proof goes unchanged if 1/z is replaced by any real an- 
tisymmetric kernel k with positive permutations satisfying the growth condition 
\k{x)\ <C\x\-\ a;eC\{0}. 

For the proof of (i) of Theorem 11.21 we will need one more lemma. 

Lemma 3.4. Let E C C be a Borel set with < V}{E) < oo and p{V}yE) < oo. 
Then for all rj > there exists an F <Z E such that, 

(i) F is compact, 

(ii) p{V} [F) < T^diamF, 

(iii) n^F) > 

(iv) for allxeC, t> 0, H^{F r\ B{x,t)) < 3t. 

The (fairly easy) proof makes use of standard uniformization arguments and can 
be found in [Le^ Proposition 1.1]. Assuming Proposition 13. II we can now prove the 
generalised version of David-Leger Theorem. 

Proof of Theorem \1.2 . First of all notice that (i) with Lemma [3.31 implies (ii). For 
the proof of (i) recall that since 'H}{E) < oo, E has a decomposition into a rectifiable 
and purely unrectifiable part, E = Erect U Eunrect- By way of contradiction assume 
that T-L^ (Eunrect) > 0. Now, by Lemma for all ?7 > 0, there exists a compact set 
F C Eunrect Satisfying 

• piTi^ [F) < r^diamF, 

• -H'iF) > 

• for all X e C, t> 0, 'H\F n B{x, t)) < 3t. 
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Therefore by Remark I3.2[ applied to F and /i = ^Q'h} [-F, there exists a Lipschitz 
graph r such that 'H^(rnF) > lO^^'H^(F), which is impossible because F is purely 
unrectifiable. □ 

4. Preliminaries for the proof of proposition 13.11 

Let /i be a positive Radon measure in C. We will say that /i has Co-linear growth 
if for all a; G C, r > 0, 

li{B{x,r)) < Cor. 
Definition 4.1. For a ball B = B(x,t) we set 

Definition 4.2. Given some fixed constant k > 1, for any ball B = B{x,t) C C 
and D a line in C, we set 





J B{x,kt) V 

/3i,^(i?) = inf/3f^(5), 
P2,,{B) = mi P?^^{B) 

We will also introduce a small density threshold 5 > and examine what happens 
in balls such that 5^{B) > 6. The following lemma will be used several times. 

Lemma 4.3 ([Le], Lemma 2.3.). Let fi be a measure with Co-linear growth. There 
exist constants Ci > 1,C[ > 1 depending only on Co and 6 such that for any ball B 
with Sij_{B) > 5, there exist three balls -81,-82 ciiT'd -B3 of radius with centers in 
B such that 



(i) their centers are at least ^^^r^ apart, 

(ii) and fx{Bi) > ^ for i = 1,2,3. 



The following lemma should be considered as a qualitative version of [Lei Lemma 
2.5]. 

Lemma 4.4. Let fx be a measure with Co-linear growth, and B G C a ball with 
^ii{B) > 5. Suppose that r is big enough. Then, for any e > 0, there exists some 
5i = 6i{6,e) > such that if 

PrifJ^lkB) 



then /32{B) < e. 



<Si, 
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Proof. By Lemma 14.31 we can find three balls i?i,i?2,-B3 C 2B with equal radii 
Cf such that n{Bi n 5) > ^ for i = 1, 2, 3 and 5Bi n 5Bj = if i^j. 

By Chebyshev, there are sets Zi C Bi with fi{Zi) ^ /i(-Bi) ~ /^(-B) such that for 
r := r{B) and z G Zj, 

PT,f.lkB{z) < C , 

where here, as well as in the rest of the proof of the lemma, C denotes a constant 
which depends on Ci,C[, r, k, 6. Given zi ^ Zi, we choose Z2 G Z2 such that 

PT,f,[kB{Zl, Z2) < C ^ . 

UwekB\ (2Bi U 2B2), then {zi,Z2, w) G Or, for r > Ci + 2k, and so either 

Z2,w) Si 0.0, 



and so dist(i(;, i^^i.za) < C a^r, or otherwise, by Lemma [2T3| 

/ / w ^2 / dist(w,L^,,zJ^ 
Z2, > c(ao, T") c(2:i, Z2,w) = c{ao, r) f^^-^ ^ 



\w — Zir \w — Z2\ 



^4 ' 

with the constants C(ao) depending on Ci,C[,T,k,S besides oq. Thus in any case 
we get 

dist{w, Lz^,z2f dfi{w) 

wekB\{2BiU2B2) 

< / [Ca^r"^ + C{ao)r'^p{zi,Z2,w)]dfi{w) 

J wekB\{2BiU2B2) 

< Ca^r^ + C{ao) r'^ Pr,f,[kB{zi, Z2) < C a^r^ + C{ao) Pr{f^[kB). 

Now it remains to see what happens in 2Bi U 2i?2- By Chebyshev, there exists 
Z3 G Z3 such that 

/X / \ ^ ^PrifJ-lkB) 

PT,^i\kB[Zl, Z^) + Pr,f,[kB{Z2, Z3) < C 

and 

(4.1) p(,„,„,3)<cPl<^ 



As above, we deduce that 



(4.2) / dist{w, Lz^zsf dfi{w) <Calr^ + C(ao)r^Pr{fi[kB), 

J wekB\{2BiU2B3) 

and also 

dist(w, Lz^^z-iY dfi{w) < C r'^ + C(ao) r'^ Pril^lkB). 

wekB\(2B2U2B3) 



CALDERON-ZYGMUND KERNELS AND RECTIFIABILITY IN THE PLANE 15 

Now we wish to estimate the angle /(L^-^ L^-^^^g). Recall that 

\Z2 - Z3\ 

and so sin^ Z{Lzj^^z2^ -^21,23) ^ C c{zi, 2:2, 23)^ r^. Then we deduce that 

sin2Z(L2^,22> ^21,23) < Cal + C{ao)p{zi,Z2,Z3)r'^. 
Notice that, for any w G kB, by elementary geometry we have 

dist(M;,L2^,2j < dist(w,L^^,^3) + Cr sin /(L^^^^^, L^^^^g). 

Therefore, 

dist{w,L^^^^^f < 2dist{w, L^^^;,.^f + Calr^ + C{ao) p{zi, Z2, Z3) r'^. 
Then, from fl4.2l) and fl4.ip we obtain 

/ dist{w, L^^^^^y diJ.{w) 

J wi 



'wekB\{2BiU2B3) 
< 



/ [2dist{w,L^-^^^^y + Calr'^ + C{ao) p{zi, Z2, Z3) r'^] dj^{w) 

JwekB\{2BiU2B3) 

<Caor^ + C{ao) Prif^[kB) + C{ao) p{zi, Z2, Z3) 
< Caor^ + C{ao)pr{fi[kB)r^. 
An analogous argument yields a similar estimate for 

/ dist{w,L^^^,^f dniw). 

J w£kB\(2B2yJ2Bz) 

So we get, 

/ dist(w, L^-^^^j)^ dfi{w) < C ao + C{ao) Pr{fi[kB) r^, 

JwekB 

and thus the lemma follows by taking and Pr{filkB)/r both small enough. □ 

5. Construction of a first Lipschitz graph 

As stated above, to construct the Lipschitz graph, we follow quite closely the 
arguments from [Lej . First we need to define a family of stopping time regions, 
which are the same as the ones defined in [Le:, Subsection 3.1]. Let 6, e, a be positive 
constants to be fixed below and choose a point Xq G F. Then by Lemma 14.41 there 
exists a hne Dq such that /3f"(xo, 1) < e. We set 

(i) 5(x,t)>i5 



Stotai = { eFx (0,5), ^ ^ ' ^ 



fiii) / s.t 



I3iix,t) < 2e, and 
Z(L,,4, Do) < a 
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In the definition above to simplify notation we liave denoted 6{x,r) = 5^|^i?(a;,r) 
and /9i(x,r) = /3i^^|^(_B(x, r)). Also L^^t stands for some line depending on x and t. 

For X E F we set 
(5.1) 

h{x) = sup |t > : 3y e F,3s,^> s>^,x e B{y, ^) and {y, s) ^ Stotai^ , 
and 

S = {{X,t) E Stotal ■ t > h{x)} . 

Notice that if {x, t) G S, then {x, t') G S for t' such that t < f < 5. 

Now we consider the following partition of F which depends on the parameters 
6, e, a: 

Z = {xeF : h{x) = 0}, 

F, = {xeF\Z:3yeF,3se [!^,!^],x e B{y,l), 6{y,s) < s] , 
F2 = |xGF\(ZUFi): 

3y G F, 3s g[^, ^] , X EBiy, f ), My, s) > s] , 
Fs = ja; G F \ (ZUFi UF2) : 

3y eF,3se ^],xe B{y, f ), Z(L,„ Do) > fa} . 

At this point we introduce some thresholds: 
. 5 = lO'^o/N 

• 00 = vr/lO^, 

• r = lO^Ci, 

with Ci appearing first in Lemma |4!3] and is the overlap constant appearing in the 
Besicovitch covering theorem. Notice that r depends on 6, which was fixed earlier, 
and serves as threshold for the comparability of the triples in Or- On the other 
hand 60 will be a threshold for the angle 6v{Do). The parameter a will be tuned 
according to 9v{Dq): if 9v{Do) > 6q we will choose a < 9q/10, if 9v{Dq) < 6q then 
a = IOOq. Notice that always a < j^. Finally we will choose e such that eso < a. 

In the rest of the section we are going to lay down the necessary background that 
will lead us to the definition of the Lipschitz graph. We will denote by vr and n-^ 
the orthogonal projections on Dq and Dq respectively. 

Definition 5.1. For all x G C let 



d(x) = inf (d(x,X) + t) 

{x,t)es 



and for p E Dq, let 



D{p) = inf d{x) = inf {d{iT{X),p)+t). 
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The following Lemma, whose proof can be found in [Le] , will be used several 
times. We state it for the reader's convenience. 

Lemma 5.2 ([Le], Lemma 3.9). There exists a constant C2 such that whenever 
x,y & F and t > are such that d{7i{x),Tr{y)) < t, d{x) < t, d{y) < t then 
d{x,y) <C2t. 

We can now define a function A on ^{2) by 

A(7r(x)) = 7r"'"(x) for x G Z, 

which is possible because for example by Lemma 15.21 it : Z ^ Dq is injective. Fur- 
thermore it is not difficult to see that the function A : vr(^) — )■ Dq is 2a-Lipschitz. 
In order to extend the function A on the whole line Dq a variant of Whitney's ex- 
tension theorem is used in [Lej . Namely after a family of dyadic intervals on Dq 
is chosen, for any p & Dq not on the boundaries of the dyadic intervals such that 
D{p) > we call Rp the largest dyadic interval containing p such that 

diam(i?p) < — inf D{u). 
20 MS-Rp 

We relabel the collection of intervals Rp as {Ri : i G /}. The i?j's have disjoint 
interiors and the family {2i?j}jg/ is a covering of Dq \ ti^Z). In the following propo- 
sition we gather all their necessary properties for our purposes. For the proof see 
|Let Lemma 3.11] and the discussion before and afterwards. 

Proposition 5.3. Let Uq = Dq n B{0, 10) and Jq = {i G / : i?i n f/o ^ 0}. There 
exists a constant C3 such that 

(i) Whenever lORi n lOi?^- ^ then 

C^^diam{Rj) < diam(i?j) < C^diam^Rj). 

(ii) For each i G /q there exists a ball Bi ^ S such that 

diam(i?j) < diam(i?j) < C3diam(i?j) and d{TT{Bi), Rj) < C3diam(i?j). 

Finally let Ai : Dq ^ Dq be the affine functions with graphs Db^- By the 
definition of Stotai the Aj's are 2a-Lipschitz. Using an appropriate partition of unity 
it is not hard to extend A on f/o \ tt{Z) such that it is Cia-Lipschitz on ?7o, see [Let 
p.848-850]. 

6. The main step 

For the rest of the section the stopping time regions Z, Fi, F2, F^, their defining 
paramaters 6, e, a and the Lipschitz function A will be as in the previous section. 
The main step for the proof of Proposition 13.11 consists in proving the following 
lemma. 

Lemma 6.1. Under the assumptions of Proposition lSAi if furthermore 6v{Dq) > Oq 
there exists a Lipschitz graph V such that fi{T) > ^/x(C). 
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For the proof, we will choose T = {{x,A{x)) : x & Uq} and then we will show that 
(6.1) /i(Fi) + fx{F2) + //(Fa) < ^f^{F) 

because Z C {{x,A{x)) : x G Uq}. 

Clearly Lemma 16.11 implies Proposition 13.11 when 6v{Do) > Oq. In the case 
9v{Do) < 9o, which we deal with in Section 7, yu(-Fi) + /i(F2) will again be very 
small. However (16. ip may fail because //(-Fa) may be big. In this case the construc- 
tion of the desired Lipschitz graph, in the sense of Proposition 13.11 will consist of 
two steps. The first step is similar to the one for the case 6'y(-Do) > although (16. ip 
is not guaranteed because as already mentioned fii^F^) may be too big. Whenever 
this happens we can find a family of disjoint balls {-Bj} which cover a big proportion 
of F3 and whose best approximating lines are far from the vertical due to the choice 
of a = 10^0- Then we will apply Lemma [6. II to obtain Lipschitz graphs Fj on each 
ball Bi. The final graph F will be constructed by connecting the graphs Fj by line 
segments. 

We start by estimating the measure of F2. Notice that for this lemma we do not 
need to assume that 9v{Dq) > 6q. 

Proposition 6.2. Under the assumptions of Proposition [X71 we have 

< 10-^ 

Proof. Recalling the definitions of the sets Fi and F2 we deduce that for every x & F2 
there exist G F and G [^iM^ .^iM] s^ch that x G B{yx,Tx), l3i{yx,Tx) > e and 
HVxyTx) > ^- Therefore since A; > 1, 

F2 C Ux^F2B{yx,kTx). 

By the 5r-covering Theorem there exists an at most countable set / such that, 

(i) F2 C Ui^iB{yi,bkTi),yi G F, 

(ii) the balls B[yi, kri) are pairwise disjoint, 

(iii) l3i{yi,Ti) > e, 

(iv) S{yi,Ti) > S. 

Notice also that since fi has linear growth, 

^{B{yi,5kTi)) < Co5kTi, for all i G /, 
and by (iv), fi{B{yi,Ti)) > dn hence, 

lj,{B{yi,5kTi)) < —^iJ,{B{y^,Ti)),i G /. 

Furthermore, by Lemma SiH since (3i{yi,Ti) > e there exists some Si = Si{S,e,T) 
such that 

/R/ ^ Pr{f^[B{yi,kTi)) 
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Therefore, 

5kC 

l^{F2) < J]M(5(y„5A;r,)) < ^ J] r,)) 

as will be chosen last and hence much smaller that e, S and 6i. □ 

We know shift our attention to the set Fi. 
Proposition 6.3. Under the assumptions of Proposition [X71 we have 

Proof. The main point in the proof of this estimate in |Lej is to show that most of 
F lies near the graph of A. This amounts to showing that 

(6.2) fi{F\F)<Ce^ 
as in [Lil Proposition 3.18]. The set 

(6.3) F := {x e F\G : d{x, n{x) + A(7r(x))) < eh{x)}. 

can be thought as a good part of F while the definition of G is given in Lemma 16.41 
Once this is established the desired estimate for Fi is essentialy achieved because as 
an application of the Besicovich covering theorem it is relatively standard to show 
that /i(Fi n F) < 10"^ see (Ll Proposition 3.19]. 

The most crucial step for the proof of (16.21) in ^Lje, Proposition 3.18] is |Le[ Lemma 
3.14]. Nevertheless this is the only part in the proof where the curvature is involved, 
therefore we provide a modified argument in the following lemma. All the other 
parts in the proof of [Le, Proposition 3.18] can be applied to our setting without 
changes. 

Lemma 6.4. For K > 1, set 

G = {x e F \ Z : 3i, 7r{x) G 3Ri and x ^ KBi] VJ{xeF\Z: tx{x) G ti{Z)]. 
If K is big enough, 

fi{G) < Cf], 

where G = G{6,eo). 

Proof. First suppose that x & G \ 7r~^(7r(2)). Then there exist some i such that 
7i{x) G 3Ri and x ^ KBi. By Proposition 15.31 there exists some absolute constant 
C3 > 1 such that if Xi is the center of the ball Bi we have, 

d{7r{x),n{Xi)) < CsdiamiBi) and d{Xi) < C3diam(5i). 

Let K > IOOC2C3 and t = max{d{x), 3^diam(i?i)). Then 

K K 

(6.4) rf(7r(x),7r(X,)) < -— diam(Si) and rf(Xi) < — diam(Si). 
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Then by Lemma 15.21 applied to x,Xi and t we deduce that d{x,X.j) < 6*2^. Now 
suppose that d{x) < 3^diam(i?j). In this case Lemma 15.21 would imply that 
d{x,Xi) < 2^diam(i?j) which is impossible since x ^ KBi. Therefore 

K 

(6.5) d{x) > — -diam(_Bj) and d{x,Xi) < C2d{x). 

Furthermore by the definition of the function d it follows that, d{Xi, x) + diam(i?j) > 
d{x) and since diam(i?j) < j^d^x) we obtain that 

9 

d{Xi,x) > —d{x). 

Let Bi be a ball centered at Xi such that, 

B{Xi, ^) cBiixndxe lOBi \ W,. 

Notice that B^ & S since it is concentric with Bi and larger. Therefore there exists 
some line Lj such that 

(6.6) l3i'(Bi) < 2e and Z{Li, Dq) < a. 

By Lemma [4.31 there exist two balls -81,-82 C 2Bi such that, 

(i) r{B,) = r{B,) = igl , 

(ii) d{B,,B,)>'-^, 

(iii) Mi?i),Mi?2)>^. 
Furthermore let for j = 1,2, 

S, = {yeB^r}%: diy, U) < 10C[er(B;)}. 
By Chebyshev's inequality and (16.61) it follows that for j = 1,2, 

(6.7) /.(S,) > 

Now let y E Si and z G S2. If {0} = LiH Ly^z then without loss of generality we 
can assume that d{o,y) > d{y,z)/2. Therefore, 

dio,y) 5CrV(5,) 
which combined with (16. 6p . recalling the fact that e <^ a, implies that 

(6.8) l{Ly,z,Do)<2a. 

By our choice of a we deduce that ^{Ly^z, Dq) < 

Let X* be the orthogonal projection of x on ^ and consider the following three 
angles 

6*1 = Z(?/, X, 7r(x)), 6*2 = /(x*, X, 7r(a;)) and 9 = Z{y,x,x*). 
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Then by elementary geometry we see that 6*2 = /(L^^^, Dq). Furthermore, 

^.^^^ ^ d{7r{y),7T{x)) ^ d{niy),n{X,)) + d{7r{X,),7i{x)) 
d{x,y) ~ d{Xi,x) - d{Xi,y) 

^ r(Bi) + CdiamE, ^ 2r{Bi) ^ 1 
9r(Bi) -r(Bi) ~ 8r(Bi) ~ 4' 

because diam5j ^ diami?j. Notice that 6 equals either 6i + 62,61 — 62 or 62 — 
and hence 

cos 6 > cos 61 cos 62 — sin 61 sin 62 > -. 

8 

So we conclude that for y E Si and 2; G 6*2, 

(6.9) dist(x,L,,) = d{x,y)cos6 > ^(-^» ^) - ^(-^^^ ^) > ^(^1). 

8 

Notice that for y E Bi, z E B2, 

^^^<d{y,z)<2r(B,), 

8r(5;) < ^) < llr(5;), 
8r(B;)<dix,y) < nr(R^, 

and thus (x, 2;) G (9^ for r > 11 + Ci. 

At this point we consider two cases. 

Case 1: 6v{Do) > 60. 
Recall that in this case a < 6v{Dq)/10. Hence we conclude that, 

6v{Ly^,) > 6y{Do) - ALy,.,Do) > ^^"'^^"^ 



5 

Therefore by Lemma [2. 3 [ taking = 6^/10 

p{x,y,z) > C{6o,T)c^{x,y,z) for y E Si,z E S2 

and 



p{x,y,z)dij{y)dij,{z) > / / p{x,y,z)d^i{y)d^{z) 

{{y,z):{x,y,z)eOr} J Si J S2 



> C{6,6o)c {x,y,z)dn{y)dn{z). 

JSl JS2 



Moreover for ?/ 6 5*1, 2; G 5*2, by (16. 9p . 



^2dist(x, ^ ^ ^ C 



c (x y z) ( ' y,^j 

\d{x,y)d{y,z) 



r{B,) 
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and thus by {\6.7\i . 



II 

JJu 



p{x,y,z)dfi{y)dfj,{z) > ° / / dfi{y)dfi{z) > C{6,9o). 

{{y,zy.ix,y,z)eOr} r^BiY J Si JS2 



Recaping, we have shown that for all x G G \ vr ^{Z) there exists some constant 
C{6,9q) such that, 



(6.10) / / p{x, y, z)dn{y)dii{z) > C{6, Oo). 

J J{{y,z):ix,y,z)eOr} 

If X G GnTT~^{Z) we can get the same inequality by repeating the same arguments 
with the point X = 7i{x) + A^n^x)) G Z. 

Finally by integrating fl6.10p over all points x E G deduce that, 



/x(G) < C{6,6q) III p{x,y, z)dij{x)dn{y)diJ,{z) 

J J J Or 

< C{S,9o) jjj p{x,y,z)dfiix)dfi{y)dfi{z) < C{5,e,)r^. 
Case 2: ^y(Do) < ^o- 

Recalling (ED and ([631) we get that rf(7r(a;), 7r(Xi)) < ^r(5i). Hence if x' is the 
projection of x on the line y + Dq, where y G Si, we get that x' G 23^ and 

d{x, y + Do)> dist(x, 2Bi) > 7r(Bi). 

Therefore 

7r(Bi) 7 

sin ^{L^^y, Do) > -i- > — , 

llr(5,) 11 

using that d{x,y) < llr(_Bj). Therefore since 6v{Do) < do = v^e deduce that 
/.{Lx^y^Do) > j^. Hence we can apply Lemma [2.31 with = 1/10 and r as before 
to obtain, 

p(x,y,z) > C{T)c^{x,y,z) for y G 5*1,2: G 5*2. 



All the other steps of the proof are identical with the previous case. 



□ 
□ 



We will now consider the set F^. 
Proposition 6.5. Under the assumptions of Lemma \6.1\ we have 

f^iFs) < 10-'. 
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Proof. Recall that by the assumptions of Lemma 16.11 9y{Dq) > 6q and thus a < 
^o/lO. We start by proving two auxiliary lemmas, the first of them is a substitute 
of |Le[ Lemma 2.5]. To simplify notation we let 



px{x,t) := jjj p{zi, Z2, Z3)dfi{zi)dn{z2)dfi{zs) 

J J JOx{x,t) 

where, recalling ([23]), Ox{x,t) = Ca n B{x,tf. 

Lemma 6.6. For all ko > l,k > 2 there exists ki = ki{ko,6) > 1 and C 
C{6,9o,kQ) > 1 such that if B{x,t) G S, then for ally G B{x,kot), 

2 / r^Pki{x,t) ^ nk,+ko{y,t) 



(6.11) ^^(y^ty<C^^^^<C ^ 

Proof. Since B{x,t) G 5* we have that 6{B{x,t)) > 6. Hence we can apply Lemma 
Olto find three balls Bi, B2, B^ C fi(x, 2t) with equal radii Cf 4, ^i{Bi nB)>^ 

for i = 1,2, 3, such that d{Bi, Bj) > ^ if « 7^ j. Recall that Ci and C[ depend only 
on 6. For each ball Bi, i = 1,2, 3, set 

= |m G Fn fii n B{x,t) : 

p{u,v,w)dfi{v)d^{w) < c j*^^^ ' ^ 

{(v,w):(u,v,w)(^Ok^{x,t)} t 

where C4 is a constant depending on 6 such that by Chebyshev's inequality, 

t 



2Ci 

and ki will be chosen later. Recall that for L := L^^t, f3i{x,t) < 2e and set for 
t = l,2,3, 

(6.12) Z'i = {ueZi: d{u, L) < C^et}, 

where as before C5 is a constant depending on 5 chosen big enough so that by 
Chebyshev's inequality. 



For Zi G Z[ applying Chebyshev's inequality once more we can choose Z2 G Z2 such 
that 



(6.13) / p{,zi,Z2,w)d^i{w) <Cq 

J {w:{zi,Z2,w)eOk-i^(x,t)} 

where Cg depends on 6. 

From the definition of in (16.121) . it follows that 

1{L,,,,„L) <C{6)e. 

Recall also that since B{x,t) G S, ^{L,Dq) < a. Then, from the assumptions 
9v{Dq) > 6*0 and a < 6*0/10, since e is chosen much smaller than a, we deduce 
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that 6v{Lzj^^z2) > ^o/5- Therefore by Lemma [2.31 and oq = 6q/10 we obtain for all 

W ^ Zi,Z2, 

(6.14) p{zuZ2,w) > c{eo,h)c\z,,z2,w) > c{e,M) f 5''^^"^;,^'"''^ 

\d{w, zijd[w, Z2) 

Furthermore for w G F n B{x, {k + ko)t) \ {2Bi U 2B2) and i = 1,2, 

^<-^< d{z„ w) < 2{k + ko)t < kit, 
ki C-i 

if ki > max{2(/c + A;o),Ci}, hence for such w, {zi,Z2,w) G Okj^{x,t). Therefore, by 
fl6T3|l and fl6TD . 



/ 

J B(x,(k+ko)t)\(2BiU2B2) \ 



f dist(iy, Lzj^^ 



' B{x,{k+ko)t)\{2BiU2B2) \ ^ 



2 



< C{6, 60, ko)t'^ / p{zi, Z2, w)di^{w) 

< C{5, 9o,ko)pk,{x,t). 

Exactly as before, after applying Chebyshev's inequality three times we can find 
Z3 G Z'^ such that 

and 

d{z3. 



(6.15) ^ ^1.^2. J ^^7- t ' 

where C7 depends on 6. Notice that for w G 2B2, and z = 1, 3, 

t t „ X , 

— < — < d{w, Zi) < kit 
and d{zi,Z3) > ^ as well, therefore 

(6.16) 2B2 C {w : {zi,w,Z3) G Cfc,(x,t)}. 
Furthermore as before by the definition of the sets Z[ 

Z(L,„,3,L) <C(5)£. 

Combined with the assumptions Z{L,Do) < a,9v{Do) > 6q and a < 6q/1Q we 
obtain that for e small enough 6y{Lz^^zz) > ^o/5- 

Hence by Lemma [231 for (2:1, w, 2:3) G Oki{x,t) and ao = ^o/lO, 

p(zi,w,23) > C(6'o,/i;i)c^(zi,m;,Z3), 
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and then, for w E B2, 

2, \ _ ( 2dist(w,L2^,^3) y d{w,L^^^^^ 



\d{w, Zi)d{w, Z2) J 



Therefore, 



(6.17) 



2B2 



^ 1 dfi{w) 



<C{6,eo,ko) fp{zi,w,Z3)dfi{w) 

< C{6,9o,kQ)pk^{x,t). 
Let w' be the projection of w on -^2-^ 23 and lu" the projection of w' on L^^^^^. Then 
^(m;, < w'f < 2{d{w, L,,^,.^f + d{w' , L,,^,,f). 

By Thales Theorem it follows that \ = ^^^-^^^i^iA, Hence, since d(zi,w') < 
4{k + ko)t and d{zi, z-^) > ^, by f lOHl) . 

d{w',L,^^^^)y ^ / d{z3,L^^^,^) Y d{zi,w'f ^ ^^^^^ pk,{x,t) 



t J \ t J d{zi,Z3 
Therefore, using also (16.171) 

^--^ ^ ' d^iw) <2[ (( ' + ( ^^(^) 



B2 V ^ / -^B2 ^ ^ ^ ^ ^ ^ 

<C{6,9o,ko)pl{x,t). 
In the same way we obtain the above estimate for the ball 2Bi and therefore, 

B{x,{k+ko)t) 



^ , dij,{w) < C{6,6o,ko)pk^{x,t). 
Since y E B{x, {k + ko)t) the above estimate implies that 

/32(l/,t)2<C(5,0o,A:o)^^^- 

And the proof of the lemma is complete after observing that for y G B{x,kot), 
Ok,ix,t) C Ok,+koiy,t) implies pfci (a;, t) < Pki+koiy,t)- □ 

For the second lemma we need to introduce one extra definition. 

Definition 6.7. For A > 1 we define, 

S\ = {{y,t) E F X (0, 5) : B{y, t) C B{xy, Sy) where B{xy, Sy) G S and Sy < At}. 
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Lemma 6.8. For all X > 1 there exist constants ki{6) and C = C{6, Oq, A) such that 



Proof. As in |Let Proposition 2.4] for any A > 1, we obtain 
d^{x)dt 



Px{x,t)- 



t^ 

djj,{x)dt 




XOx{x,t) (m, V, w)p{u, V, w)di2{u)dij{v)dij{w] 



2 




XOx{x,t) {u, V, p(^^^ w)dfi{u)dfi{v)dfi{w) 

< C(A) / // p{u,v,w)dfi{u)d^{v)dfi{w) 

< C{\)p2X<X,t). 

Since for every (x,t) G Sx there exists some {z,s) G S such that B{x,t) C B{z,s) 
and s < At, we can apply Lemma 16.61 with = 1 in order to get some number 
ki = ki{6) and some constant C = C{6, A, 6*0) such that 

A(x,At)^<C^^^. 

At 

Notice that for A > 1, At) C Ox(ki+i){x,t) and hence At) < 

PA(fci+i)(a;, t). Furthermore, (3i{x,t) < C{X)f3i{x, Xt), therefore, 

A(a;,t)^<C(5,^o,A)^^^^i±i^. 

Hence, 

< Cp2A2(fci+l)2 < Cp{n). 

□ 

In Section 4 of |Le] one more geometric function is introduced; for p G Dor\B{0, 10) 
and t > 0, set 

" ^ JB{p,t)nDo ^ 
where the infimum is taken over all affine functions a : Dq Dq. The function 7 
measures how well the the function A can be approximated by affine functions. 

Proposition 6.9. Under the assumptions of Lemma \6.1[ 

I liP,tr^<C{e'+p{i.)), 

JUo 
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where C does not depends on a. 

Proposition 16.91 is a substitute of [Lei Proposition 4.1] which is one of the key 
ingredients in the estimate of the measure of F^. Its proof adapts completely to our 
setting, except one estimate on [LH p. 861] where the curvature is involved. In the 
following we elaborate the argument which bypasses this obstacle. 

Observe that for a given {p,t) G F x (0,5) such that t > there exists some 
(X,T) G S, where X := X{p,t) is such that, 

(i) d{7r{X),p) < 60t, 

(ii) T < 60t. 

Also if X G B{X{p,t),t), then d{7i{x),p) < 61t. Let 



Juo t JBiXip,t),t) t 

The following arguments replace the estimate for the term a on |Lel p. 861]. We 
will show that 



(6.18) a < Cpifi). 



Notice that for {p,t,x) such that p G Uo,t G [-^^,2] and x G B{X(p,t),t) we 
have that x G B{X{p,t),60t) G S and B{x,t) C B{X{p,t),61t). Hence recalling 
Definition 16.71 i^^t) ^ Sqi. 

Moreover, as noted earlier, for such triples we also have that d{7c{x),p) < Qlt. 
Therefore, using Fubini and Lemma 16.81 

2,/--, dtdp 



I3i{x,t) djj,{x^ 

Uo t JB{X(p,t),t) t 



< I /3i(x,t)^ / dp 
'561 \JpeB{n{x),m) 



dfi{x)dt 



<C I P,{x,t) 



2djj,{x)dt 



< Cpifi) < Ct]. 

This finishes the proof of Proposition 16. 9[ 

Proposition 16.91 is used in |Le^ Section 5] in order to show that the function 
A cannot oscillate too much. This is the only instance where the curvature is 
used there, even indirectly. The rest of the arguments in [Lei Section 5] which are 
mainly of Fourier analytic type apply to our setting without any changes. Therefore 
Proposition 16.51 is proven. □ 

Lemma 16.11 follows from Propositions 16. 2^ 16.31 and 16.51 

Remark 6.10. Lemma [6.11 is equivalent to the following more general statement. 
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For any constant Cq > 10, and any e < 10 there exists a number rj > such 
that if fi is any positive Radon measure on C such that for some Xq € C, i? > 0, 

• (3^{B{xo,R)) < e and ^y(L) > Oq 

• fi{B{xo,R))>R, 

• for any ball B, ^{B n B{xq, R)) < Codiam(S) 

• p(/i[5(xo,i?)) < r]R 

then there exists a Lipschitz graph V such that ii{V fl -B(xo, R)) > 10^^/i(i?(a;o, R))- 

The same renormalization argument used in Remark 13.21 works in this 
well. One just needs to notice also, that if 

v = ^^{^^[B{xo,R)) 

for T = then for the line V = 

P^;^{B{0,l))<e, 

and since L' is parallel to L, 9y{L') > 6q. Furthermore if 7 is the Lipschitz graph 
such that z/(7) > ^z/(C) then F = T^^{j). By the remarks at the end of Section 5 
7 is a graph of a Lipshitz function A : L ^ with Lip(A) < C^a and hence F is 
the graph of a Lipschitz function A' : L' ^ L'^ with Lip(y4') < C^a. 

7. Proof of Proposition 13.11 
The following lemma is the last step needed for the proof of Proposition 13. 1[ 

Lemma 7.1. Under the assumptions of Proposition l3J\ if 9v{Dq) < Oq there exists 
a Lipschitz graph F such that 

Mr) > ^Mi^)- 

We start with an auxiliary lemma. 

Lemma 7.2. Suppose that the measure fi satisfies the assumptions of Proposition 
\3. 1\ and furthermore 9v{Dq) < 9q. If we choose a = IOOq and the set F3 := F^i^S, e, a) 
has measure f^i^F^) > j^fi{F), then there exist a countable family of balls Bi, centered 

at F , recall and a countable family of lines Li which satisfy 

(i) ^^{B,) > fr(5.) 

(ii) 20Bi n 20Bj = for all i^j, 

(iii) 60 < ev{Li) < 126^, 

(iv) <2£, 

(v) > 3^/i(F), 

(vi) p{fi[Bi, fi, fi) < ri^ii{B,). 
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Proof. For all x G F^D F, the balls B{x,h{x)) G S, by the definition of h{x), 
and furthermore by [Le i Remark 3.3], |a < ^{Lx^h{x)i Dq) < a. Therefore since 
6v{Dq) < 6*0 and a = 109q, it follows that 

(7.1) AOo < eviL^M-)) < IWo. 

Since /j, has linear growth, for every 1 < a < 6 and every ball B{x,h{x)) there 
exists an (a, 6)-doubling ball D B , i.e. ^{aB^) < bfi^Br^), whose radius satis- 
fies ^^^^ < C{Co,6). For our purposes (100, 200)-doubling balls will be sufficient. 
Indeed if all balls B{x, 100-'7i(a;)) for < j < m — 1 are not (100, 200)-doubling then 

(7.2) ColOO'"/i(x) > /i(100™5(x, h{x))) > 200X5(x, h{x))) > 200"'-h{x) 

which is impossible if m is taken big enough. Therefore we can take 

B^ := B{x, 100"'h{x)) 
where m is the smallest integer such that 

/x(1005(x, 100"/i(a;))) < 200 id{B{x, 100"" h{x))). 
Notice that from fl7.2l) we infer that m < '"^j^^"^*^^ , hence 

!|^ = 100»<C(C„,.). 

Furthermore since B^. D B{x, h{x)), we have that B^ G S. Therefore for the line 
Lx := Lx^r{B^) it holds that /3f''(i?a;) < 2e. Observe that, 

Pi^^{B{x,h{x)))= I ^^^^l^d^^{y) 



r(5^y r dist(|/, L^ 
K^) ) JkB^ r{Bx 



<(^) / "-^^^dM<2C{C„,S)e. 



Now we can apply [Let Lemma 2.6] to the ball B{x,h{x)), the two lines L^^, L^^f^i^^) 
and Eq = 2C{Co, 6)e in order to obtain that, 

'^{Lx, Lx^h(x)) < C{Co,5)e. 
This, combined with (17. ip . implies that 

200 < OviLx) < 12^0- 
Hence we can apply the 5r-covering theorem to the family {20 B.j.}^^p.^f~^p in order to 
find a countable family of balls {-Bjjte/ C {B^} xizp^c\F ^"^^ their corresponding lines 
such that, 

• Fa n F C U,e/1005i, 

• 20Bi n 20Bj = ^,i^ J, 

• S{B,) > 16, 

• Pt{Bi)<2e, 
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• 2^0 < Ov{Li) < 12^0- 
Furthermore 

/i(F3nF) < ^^(lOOB,) < ^200/i(Ei) = 200/i(Ui5,), 

i i 

hence, 

Recalhng fl6.2p . namely fi{F \F) < Ce2, we obtain 



Set, 
Then, 



ie/\/G ie/\i'G 
By the choice of we conclude that 

Thus the family {Bi}i(=i^ satisfies conditions (i)-(vi) of the Lemma. □ 

Proof of Lemma \n\ By Propositions l6.3l and l6.2l we have that /x(Fi)+/i(F2) < 10~^, 
if moreover iJi{F^) < ^ we are done. Therefore we can assume that ^{F^) > ^. We 
fix a = ^o/lO. 

In this case we can apply Lemma 17.21 to obtain a "good" family of balls Bi = 
B{xi,ri) with "good" approximating lines Lj. Then, after choosing rj small enough. 
Remark 16.101 implies the existence of Lipschitz graphs Fj such that fi{Bi fl Fj) > 
fi{Bi) and by Lemma [6.11 



100 



99 1 

fi(Ui^i(Ti n Bi)) > fi(F). 

ten - 100 3000^^^ ' 

Furthermore, as noted in Remark 16.101 the Lipschitz functions Ai : Lj — )■ Lj"*" ,whose 
graphs are the Fj's, are Cl6'o/10- Lipschitz, as in this case a = 9o/lO. Therefore since 
^{Li, Dq) < 10 Oq the graphs Fj are at most 6'o(10 + ^)-Lipschitz when considered 
as graphs of functions with domain Dq. 
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Notice that since a is appropriately small, the sets 2Bi fl Fj are connected. There- 
fore to conclude the proof it is enough to check that it is possible to join the Lipschitz 
graphs Fj with line segments with uniformly bounded slope. Recalling that 

F = {x e F\G : d{x, 7t{x) + A(7r(x))) < e^d{x)}, 

we notice that since the balls Bi are centered in F, they lie very close to the graph 
of the initial Lipschitz function A : Uq Dq that was constructed in Section 5. 
Therefore, if z 7^ j, we write x[ = n^Xi) + A^ir^Xi)) and x'j = n{xj) + A^tt^xj)) and 

d{Tc-^{x'j),7c-^{x'j)) < CLad{x[,x'j), 
as A is C^a-Lipschitz. Furthermore, for i ^ j, 

d{7r^{x^),^T^{x,)) ^ c^(7r^(x,), 7r^(x0) + djn^jx',), Tc^jx'^)) + dj-K^jx'^), Ti^jx,)) 

^ e^d{x,i) + d{xj)) + C LOid{x[, x'^) 



d(x,i^ Xj) 

^ (1 + CLa)e^h{xi) + h{xj)) + CLad{xi,Xj) ^ 

diyXi^ Xj) 

The last inequality follows because d{xi,Xj) > 20 {r {B i) + r{Bj)) > 20 {h{x i) + h{xj)) 
and e is always taken much smaller than a. Thus, for all i ^ j, 

(7.3) sin Z{L,^,,^, Do) <Ca. 

Also since 20Bi fl 20Bj = 0, for all yi G 2Bi and yj G 2Bj, we have 

tan ^{Lxi,xj,Ly.^y^) < -, 
which combined with (17. 3p implies that 

TT 

^^i^y.^ypDo) < -. 

Therefore the disjoint Lipschitz graphs 2Bi fl Fj can be joined with line segments 
with uniformly bounded slope. This completes the proof of Lemma 17.11 □ 

Therefore Proposition 13.11 follows from Lemmas 16.11 and 17.11 

8. Proof of Theorem 11.31 

In this section we will outline the proof of Theorem 11.31 Given a 1-dimensional 
AD-regular measure /i, it is already known that any singular integral with an odd 
kernel smooth enough is bounded in L'^ifi) if n is uniformly rectifiable. Thus we just 
have to show that the L^(yu)-boundedness of T implies the uniform rectifiability of 
fj,. As mentioned in the Introduction, we will not give all the detailed arguments, 
because they are quite similar to the ones for Theorem 11.21 

For the proof we need to introduce the "dyadic cubes" described in |DSlt Chapter 
2]. These dyadic cubes are not true cubes, but they play this role with respect to 
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a given 1-dimensional AD regular Borel measure fi, in a sense. To distinguish them 
from the usual cubes, we will call them fi- cubes. 

We recall some of the basic properties of the lattice of dyadic /i-cubes. Given 
a 1-dimensional AD regular Borel measure /i in M.'^, for each j E 'L there exists a 
family Vj of Borel subsets of spt/x (the dyadic /i-cubes of the j-th generation) such 
that: 

(a) each Vj is a partition of spt/i, i.e. spt/i = UgeD Q ^'^'^ QHQ' = $ whenever 

Q, Q' E Vj and Q^Q'; 
(6) if Q G Vj and Q' e Vk with k <j, then either Q C Q' or Q n Q' = 
(c) for all J G Z and Q G Vj, we have 2"^' < diam(Q) < 2^^ and fi{Q) ^ 2"^'; 

We denote V := IJjGZ^i- -^'^^ Q ^ define the side length of Q as £{Q) = 

2~K Notice that 1{Q) < diam(Q) < 1{Q). Actually it may happen that a /i-cube 
Q belongs to Vj n with j ^ k. In this case, £{Q) is not well defined. However, 
this problem can be solved in many ways. For example, the reader may think that 
a /x-cube is not only a subset of spt/i, but a couple {Q,j), where Q is a subset of 
spt/i and j G Z is such that Q eVj. 

Given a > 1 and Q E V, we set aQ := |x G spt/i : dist(a:, Q) < (a — 1)£(Q)}. 
Also, analogously to the definition of the beta coefficients for balls, we define 



3Q 

where the infimum is taken over all the lines D. We denote by Lq a best approxi- 
mating line for (3i{Q). 

Following [DSII, Chapter 2], one says that /i admits a corona decomposition if, 
for each r/ > and 6 > 0, one can find a triple {B, Q, Tree), where B and Q are two 
subsets of V (the "bad /i-cubes" and the "good /i-cubes") and Tree is a family of 
subsets S C Q, which satisfy the following conditions:: 

(a) V = Bug and n ^ = 0. 

(b) B satisfies a Carleson packing condition, i.e.. 



QeB-.QcR 



KQ) ^ f^iR) for all ReV. 



(c) G = UsgTree ^ ^^id the uuiou is disjoint. 

{d) Each S E Tree is coherent. This means that each 5 G Tree has a unique 
maximal element Qs which contains all other elements of S as subsets, that 
is Q' G S' as soon as Q' E V satisfies Q G Q' C. Qs for some Q E S, and that 
if Q G 5* then either all of the children of Q lie in 5* or none of them do (if 
Q E Vj, the children of Q is defined as the collection of /i-cubes Q' E Vj^i 
such that Q' C Q). We say that S' is a tree. 

(e) The maximal /i-cubes Qs, for S E Tree, satisfy a Carleson packing condition. 
That is, J2s&Tree:Qs<iRt^iQs) ^ /^(^) fo^ all Rev. 
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(/) For each S G Tree, there exists a (possibly rotated) Lipschitz graph Ts with 
constant smaller than 7] such that dist(x, Ts) < (5diam(Q) whenever x G 2Q 
and Q E S. 

It is shown in [DSlj that if /i is uniformly rectifiable, then it admits a corona 
decomposition for all parameters ri,6 > 0. Conversely, the existence of a corona 
decomposition for a single set of parameters ri,6 > implies that fi is uniformly 
rectifiable. We will show below how one can construct a corona decomposition 
assuming that T is bounded in L^(/i). 

Clearly, the L^(/i)-boundedness of T implies that 

p{^[R) < C fi{R) for every G P. 
Then, using Lemma [4. 4[ one easily deduces that, for every e > 0, 
(8.2) J2 ^ C'(e) fi{R) for every ReV. 

QGV:QcR, 
h{Q)>e 

In the terminology of |DS1] . this means that /i satisfies the weak geometric lemma. 
Arguing as in [DSTj Lemma 7.1], one gets: 

Lemma 8.1. There exists a decomposition V = B VJ Q such that \8.1\) holds, and 
where Q can he partitioned into a family Tree of coherent regions S satisfying the 
following. Setting, for each S G Tree, 

o^{S) = ^ ^0 if Ov{Lq,) > Bo := lO-^vr 

and 

aiS) = 1000 if 9v{Lq^) < 00, 

we have: 

(i) if Q e S, then A^Lq.Lq^) < a{S); 

(ii) if Q is a minimal cube of S, then at least one of the children of Q lies in B, 
or else A^Lq.Lq^) > a{S)/2. 

The lemma is proved by stopping type arguments, using rather standard tech- 
niques. As in pSlj by construction, the set B consists of the yU-cubes such that 
PiiQ) > ^ (for some choice of £ <C 6*0), and so it satisfies a Carleson packing con- 
dition, as shown above. The main difference with respect to [DSli, Lemma 7.1] is 
that in the preceding lemma we take two different values for the parameter a{S), 
according to the angle 9v{LQg). 

Arguing as in |DSll Proposition 8.2], one gets: 

Proposition 8.2. For each S G Tree (from Lemma \8.1\) there exists a Lipschitz 
function As : Lq^ — )■ Lq^ with norm < C a{S) such that, denoting by Ts the graph 
of As, 

dist(x,r5) < Cee{Q) 

for all X G 2Q, with Q G S. 
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To conclude and show that the triple {B, Q, Tree) is a corona decomposition for fi, 
it remains to prove that the maximal /^-cubes Qs, for S e Tree, satisfy a Carleson 
packing condition. To this end, we need to distinguish several types of trees. First, 
we denote by Stop(5') the family of the minimal /x-cubes of S* G Tree (which may 
be empty). For Q G Stop(5'), we write Q G Stop^(S') if at least one of the children 
of Q belongs to B. Also, we set Q G Stop^(S') if Q G Stop(S') \ Stop^(S') and 
Z{Lq, Lq^) > a{S)/2. Notice that, by Lemma WT\ Stop(5') = StopQ,(S') UStop^(5'). 
Then we set 

• 5 is of type J if // (^Qs \ UpGStop(5) ^) > I f^iQs)- 

• 5 is of type II if it is not of type / and /i (ijpestop^ ^) ^ i KQs)- 

• 5* is of type III if it is not of type / or // and /i ^IJpestop — i f^iQs), 
and moreover Oy^Lqg) > 9q. 

• S" is of type IV if it is not of type /, // or ///, and fi (^Upestop -^j — 

llJ.{Qs), and moreover dy^Lqg) < Oq. 

From the definitions above and Lemma 18.11 it follows easily that any S G Tree is of 
type /, //, III, or IV. 

To deal with the trees of type J, just notice that the sets Qs \ Upestop(5) 
5* G Tree, are pairwise disjoint, and so 

(8.3) MQ5)<2 U ^)<2Mi?)- 

5eTroen/;QsCP 5eTree:Q5CP ^ PeStop(S') ^ 

If 5* is a tree of type //, then from the definition we infer that 

QgStop(5) PeBnCh(Q) 

where the notation P G Ch{Q) means that P is a child of Q. Then it follows that 

(8.4) Y KQs)<c Y MQ)<c^M^)- 

5eTreen//:QsCfi QeBiQcR 

If 5* is a tree of type III we just sketch the arguments. In this case by combining 
some of the techniques from the proof of Theorem 11.21 and [DSll Chapters 9-11], 
and denoting 



.g3Q p{x,y,z)dn{x)dn{y)dn{z), 



c'^e.(Q)<\x~y\<cl.{Q) 

for some constant c big enough, one can show that 

(8.5) ^^{Qs)<CYPQi^^)■ 

Qes 
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So, 

(8.6) Yl ^(^^) ^ ^ E PQ^-") ^ Cp{fx[3R) < 

SGTreen///:QsCR QCR 

A key point for the proof of flS.Sp is the fact that Ov^Lq^) > 9q, and since ^{Lq, Lq^) < 
a{S) = 60/10, most of the relevant triples of points which appear in the estimate of 
Pq{^i) for Q E S make triangles with at least one side far from the vertical. 

Finally, for a tree 5" of type IV, notice that if Q G StopQ,(5'), then ^{Lq, Lq^) > 
a{S)/2 = 500, and thus 

OviLQ) > 1{Lq, Lq^) - ey{LQ^) > 400. 

As a consequence, taking into account that f3i{Q) < e, assuming e > small enough 
one deduces that all the children P e Ch{Q) satisfy 6v{Lp) > 36'o. Thus these 
/i-cubes P either belong to B or are the maximal //-cubes of some tree of type /, //, 
or ///. Using also that 

^QeStop„(5) ^ QeStop„(5) QGStop^ (5) PGCft(Q) 

summing over all the trees S G IV such that Qs C R, one infers that 

Y MQ5)<4 Y M^) + 4 Y KQs)<CfiiR), 

S&TreenlV-.QsCR PeB.PcR 5eTreen{/U//um): 

QsCR 

by (IH3), (IH31), iaD, and dHSl). 

Gathering the estimates obtained for the the different types of trees, we get 

Y f^iQs)<Cfx{R), 

S&Tree-.QsCR 

as wished. So the triple ^, Tree) is a corona decomposition, and Theorem 11.31 is 
proved. 

Remark 8.3. The following result is due to Mattila, Melnikov and Verdera and 
is related to |MMV] although it is unpubhshed. Let K{z) = \z\~^Q{z/\z\), z G 
C \ {0}, where Q is an odd function on the unit circle and let fi be an AD-regular 
measure. Then if the permutations of K are positive, the L^(yu)-boundedness of 
the corresponding operator Tx^fj. implies that /i is rectifiable. In the following we 
provide a sketch of the proof. Recall that z/ is a tangent measure of at 2; if z/ is a 
locally finite nonzero Borel measure in C and there exist positive numbers — > 
such that the measures r^'^Tj^^.tl/i converge weakly to u, where Tz^rX^) = {x — z)/ri. 
The set of all tangent measures of yU at z is denoted by Tan(/i, z). By Lemma 1X51 we 
obtain that Pk{ij) < 00 and this implies easily, see [Lij, that for fj, a..e z E C, spt u 
is contained in a line for all u G Tan(/i, z). Furthermore using standard arguments. 
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as for example in [Vi], for /i-a.e. z G C, 



(8.7) 



sup 

0<r<R<oo 



K{x-y)dv{y) 



B{x,R)\B{x,r) 



< oo for all X G spt u. 



Since every u G Tan(/i, z) is AD-regular and spt u is contained in a line, (18. 7p implies 
that spt is the whole hne, see e.g. |DS2t Chapter III.l], and hence /i is rectifiable 
by [Ml Theorem 16.5]. 

Remark. In W^, m > 2, results analogous to Proposition 12. II and Lemma [2.31 hold 

^2n-l 

for the permutations of the kernel K{x) = x = (xi, . . . , Xm) G M™'\{0}, n G N, 



even though by means of different computations than the ones of Section 2. These 
results and their connection with 1-rectifiability will appear in a forthcoming paper. 
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